Introduction {#Sec1}
============

Throughout history the spread of infectious diseases has had devastating effects on humans and animal populations, which in many cases results in epidemics or even pandemics, and causes the deaths of millions of people over vast areas of the earth. Examples of such infectious diseases include the European Plague or Black Death, small pox, influenza, HIV/AIDS, avian flu, swine flu, SARS, West Nile virus \[[@CR23], [@CR26]\]. In order to prevent or limit the impact of epidemics and provide effective control strategies and useful predictions, mathematical modelling of epidemics has become a major focus of research for understanding the underlying mechanisms that influence the spread and transmission dynamics of infectious diseases. Many epidemic models have been developed \[[@CR2], [@CR4], [@CR6], [@CR13], [@CR27], [@CR29], [@CR30], [@CR32], [@CR33]\]. In particular, reaction--diffusion equation models and integro-differential equation models have been used to study the spatial spread of infectious diseases, and their traveling wavefront solutions have been used to investigate the question of whether an infectious disease could persist as a wave front of infectives that travels geographically across vast distances. Relevant problems include to determine the thresholds above which traveling waves exist, find the minimum speed and asymptotic speed of propagation (which are usually equal) \[[@CR3]\], and determine the stability of the traveling wave to perturbations \[[@CR20]\]. Due to the complexity of the models, these problems often present very challenging dynamical system problems, on which extensive research has been done since the pioneering works of Fisher \[[@CR10]\] and Kolmogorov et al. \[[@CR19]\]; consequently, many outstanding results have been obtained, and various methods and techniques have been developed to tackle these problems (see, e.g., \[[@CR11], [@CR13], [@CR25], [@CR27], [@CR28], [@CR31], [@CR33]\] and the references therein). With the current development of more realistic and sophisticated epidemic models, the study on these problems remains very active in mathematical epidemiology.

In this paper, we study traveling wavefront solutions for two reaction--diffusion systems, both are derived as diffusion approximations to their integro-differential equations models. These models are spatial analogs of a basic SIRS endemic model in one spatial dimension. The first model is a distributed-contacts model with a kernel describing daily contacts of infectives with their neighbors or the influences, by any reason, of the infectives on their neighbors. This model, which was studied recently by Li et al. \[[@CR20]\], extends a distributed-contacts model of Kendall \[[@CR18]\] (a spatial analogue of a SI endemic model). The second model is a nonlocal diffusion model describing the mobility of individuals around the spatial domain. This model generalizes a distributed-infectives model considered by Medlock and Kot \[[@CR24]\] and nonlocal dispersal models in \[[@CR16], [@CR22]\]. Following the approaches used in Bailey \[[@CR4]\], Hoppensteadt \[[@CR13]\] and Kendall \[[@CR18]\], the aforementioned nonlocal models are approximated by reaction--diffusion systems when their kernels are local. The aim of this paper is to show the existence of traveling waves for these diffusion approximations. In this and the next two sections, we concentrate our study on the first model, and in Sect. [4](#Sec4){ref-type="sec"} we establish corresponding results for the second model.

The basic SIRS model mentioned above is described by a system of ODEs for the evolution of an infectious disease in a well-mixed and closed population. Dividing the total population into susceptible, infective, and recovered classes, with $\documentclass[12pt]{minimal}
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Li et al. \[[@CR20]\] incorporated the spatial heterogeneity of epidemics into the model ([1.1](#Equ1){ref-type=""}). Assuming that the density $\documentclass[12pt]{minimal}
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In order to investigate the infection wavefronts for ([1.3](#Equ3){ref-type=""}), Li et al. \[[@CR20]\] studied traveling wave solutions for a diffusion approximation of ([1.3](#Equ3){ref-type=""}) when the contact kernel $\documentclass[12pt]{minimal}
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Existence of Traveling Waves {#Sec2}
============================
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*Proof* {#d29e4728}
-------
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It follows from Lemma 2.1 that Theorem 1.1 is equivalent to the following theorem.
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We are now in a position to show the following by a shooting argument.
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*Proof of Theorem 2.2 (i)* {#d29e16571}
--------------------------

It is clear from Lemmas 2.6 and 2.7 that the assertion of Theorem 2.2 (i) follows.

Uniqueness of Traveling Waves {#Sec3}
=============================
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*Proof* {#d29e17499}
-------
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*Proof of Theorem 2.2 (ii)* {#d29e23702}
---------------------------

It is trivial to see that the assertion of Theorem 2.2 (ii) follows directly from Lemmas 3.1 and 3.2.

At the end of this section, we present conditions for the solutions found in Theorems 1.1 and 2.2 to be nodal (resp., spiral) near $\documentclass[12pt]{minimal}
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**Theorem 3.3** {#d29e23738}
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*Proof* {#d29e23870}
-------

From the proof of Lemma 3.2 it suffices to study the local dynamics of the system ([3.3](#Equ19){ref-type=""}) with $\documentclass[12pt]{minimal}
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Nonlocal Diffusion SIRS Model {#Sec4}
=============================

As mentioned in the introduction, Medlock and Kot \[[@CR24]\] considered a distributed infectives model, which is a nonlocal diffusion SI model. Here we consider a corresponding nonlocal diffusion SIRS model, under the assumptions that (i) contacts are local but individuals move on the real line with the constant rate $\documentclass[12pt]{minimal}
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To derive a diffusion approximation for ([4.1](#Equ21){ref-type=""}), we make the same assumptions for $\documentclass[12pt]{minimal}
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Theorem 4.1 will be proved by similar arguments used in Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec3){ref-type="sec"} for Theorem 2.2. We give the corresponding lemmas and the modifications of their proofs. The main distinction lies in the proof of Lemma 4.6 where, due to the unboundedness of the set $\documentclass[12pt]{minimal}
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**Lemma 4.2** {#d29e26663}
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*Proof* {#d29e26857}
-------
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**Lemma 4.3** {#d29e27243}
-------------
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*Proof* {#d29e27604}
-------
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*Proof* {#d29e28355}
-------
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Fig. 5Sketched are the projections of the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _{\kappa },\; \Omega _1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _2$$\end{document}$ on the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$fu$$\end{document}$-plane, marked with these letters respectively
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-------
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*Proof of Theorem 4.1 (ii)* {#d29e35796}
---------------------------

The proof can be carried out by the same arguments as those in the proof of Theorem 2.2 (ii), and is thus omitted.
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